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SUMMARY

The least-squares mixed finite element method is concisely described and supporting error estimates and
computational results for linear elliptic (steady diffusion) problems are briefly summarized. The extension to the
stationary Navier—Stokes problems for Newtonian, generalized Newtonian and viscoelastic fluids is then
considered. Results of numerical studies are presented for the driven cavity problem and for a stick—slip problem.
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1. INTRODUCTION

Least-squares schemes for approximating the solution to differential equations were proposed some
time ago as a particular variant of the method of weighted residuals (see, e.g. References 1 and 2).
The basic idea is quite straightforward. Given a trial solution expansion with unknown coefficients
and satisfying the boundary conditions, construct the corresponding residual for the differential
equation. Next, minimize the integral mean square residual to generate an algebraic system. Finally,
solve this algebraic system to determine the coefficients and hence the approximation. This approach
is appealing because the resulting algebraic system has symmetric structure even for non-self-adjoint
PDEs such as those frequently encountered in fluid flow and transport. The method is also less
sensitive to changes in PDE type and for this reason was investigated in exploratory finite element
studies of mixed-type problems for the Tricomi equation and subsonic/transonic flows.>* The main
detractions of this method are also clear from these studies—since the least-squares functional is
constructed for the second-order operator, second-order derivatives should be square-integrable and
this imposes increased smoothness requirements on the finite element spaces. For example, C' bases
are sufficient and were used in the study cited above.® This implies a high-p approximation scheme
which will generate accurate approximations and is topical in view of the current interest in high-p
methods. However, it is still generally regarded as too restrictive and particularly unappealing in 3D.
Another problem is the degradation in conditioning as compared with Galerkin finite element
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systems. Applying the least-squares approach directly to the operator is somewhat analogous to
applying least-squares to an algebraic system, thereby generating the symmetric normal system form.
The conditioning of the system is also squared and the iterative convergence will be degraded. For
these reasons the least-squares approach has received relatively little attention until recently.

The above continuity requirements can be relaxed by introducing new flux variables to recast the
higher-order problem as a lower-order system. For example, a scalar potential equation for # would
be replaced by a first-order system for # and flux or. Now the least-squares residual functional can be
formed for the system and the approximations (u;,, o) to (4, o) can be determined in the manner
suggested above. In essence, we have thereby constructed a mixed least-squares finite element
formulation analogous to the corresponding mixed Galerkin formulation. There are, however, two
striking distinctions: (i) the least-squares system is symmetric positive whereas the Galerkin system is
not; (ii) the finite element bases for the least-squares scheme are not subject to the restrictive inf-sup
conditions of the Galerkin mixed methods.> Of course, as with other mixed methods, additional flux
variables are introduced. The previous conditioning problems are alleviated, but the system size is
still large owing to the additional flux variables. Preconditioning is still desirable and multigrid
schemes have been shown to be effective (see Reference 6). Another strategy that can be interpreted
as a preconditioning is to introduce a Sobolev gradient to accelerate steepest descent iteration.”®

In the present work we focus on fluid flow and transport problems where mixed methods are
gaining popularity and least-squares shows considerable promise. In particular, we develop the
method for stationary elliptic problems associated with convection—diffusion and viscous Newtonian
or non-Newtonian flows. However, we also include a number of reference citations to our own work
and that of others dealing with the transient least-squares problem. We begin in Section 2 with a
simple 1D example to introduce the methodology and state the main estimates. Then the extension to
two- and three-dimensional potential problems is presented and some interesting theoretical and
computational results are summarized. A brief description and results using a specific preconditioning
strategy are included. Also, error estimates in subdomains are given. In Section 3 we describe the
residual-based error estimator, which is exact on each finite element in the norm defined by the
bilinear form. Next, in Section 4 the extension of the least-squares method to stationary viscous flows
governed by the Stokes and Navier—Stokes equations is given, together with numerical results.
Results for both 4- and p-type finite elements have been computed. Finally, we consider the least-
squares formulation for viscoelastic problems.

2. STEADY POTENTIAL FLOW AND TRANSPORT

The main ideas can be most conveniently introduced by means of a two-point boundary value
problem for steady 1D transport. Accordingly, let us consider

—(au) +cu=f, 0<x<I, (1)
with #(0) =0 and a(1)u/(1) = 0. Introducing the flux ¢ = —au/, we obtain the first-order system
o +cu=f, o+au =0, )

with #(0) =0 and ¢(1)=0.
The corresponding least-squares functional is

1

I(u, 0) = JO [(6' + cu— f)* + (6 + au')*]dx (3)
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and taking variations we get the weak statement: find (u, o) satisfying the boundary conditions and
such that

a(u, 0:v,q) = (f.q + cv), 4)
where ( f, ¢’ +cv) is the standard L? inner product and the bilinear form

1
alu, 63 v, q) = J [(6" + cu)(g' + cv) + (0 + au')(q + ar)ldx ®)
0
is coercive in the associated space.
Existence of a unique solution then follows from the Lax—Milgram lemma and we have proven
global estimates of the form’

e = wylly + 1o = 04 ll,y < CEH"(ull gy + llolgr),  m=0,1, (6)

for s =min(k, r) and C° finite element spaces of degree k and r for u,, and ¢, respectively. Improved
estimates have been obtained for the case where k # r and superconvergence estimates have also been
proved and numerically demonstrated.”'® For example, if k=7, the rate of convergence at the inter-
element nodes is O(th) for both u and o.

Let us now consider the direct extension of this formulation to the steady convection—diffusion
problem in two- or three-dimensional domains Q defined by

—V.-(@Vu)—b-Vu+cu=f inQ, (7

with =0 on 9Q. The first-order system is then, similarly,
V-o+b-alo+cau=f, (®)
o+aVu=0 9)

and the least-squares functional becomes
I(u, o) = J [(V-o+b-a'o+cu—f)+ (o + aVu)’]dxdy. (10)
Q

Error estimates for this formulation are given in References 5 and 11 (see also Reference 12). An
improved result for the flux can be obtained by adding an additional curl relation

Vx@'e)=0 inQ (11)
and boundary relation
nA(@'o)=0 indQ, (12)

where n is the unit outward normal and A denotes the exterior product. The effect of these additional
terms is to produce a modified bilinear form that is coercive on a ‘better’ space and we get improved
global estimates' ! of the form (for k=r)

lu =yl + llo — oyll, < CHH (lullyry + lollr)- (13)

Numerical experiments are presented in Tables I and II for problem (8), (9) with
a=(+1), b=(x, ), c=(5x —}—y)2 +1 and exact solution u = exp(2x*> +2)?) on a square
domain with corners (0, — 1), (1, 0), (0, 1) and (—1, 0). It is evident from Table II that the numerical
rates of convergence in the usual norms are suboptimal for the case where the additional curl and
boundary relations are omitted.

The least-squares mixed system conditioning depends asymptotically on the mesh size in a manner
similar to the Galerkin method. As the mesh is refined, the condition number deteriorates with order
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Table I. Convergence rates for case with curl term and ¢, boundary condition

Norm k=1 k=1 k=2 k=2 k=3

r=1 r=2 r=2 r=3 r=3
lu — wll, 1-85 202 3.31 3.01 4.24
lu —u,l, 1.08 1.01 2-16 2-00 3-14
le —aullo 191 2-10 3.01 3-89 399
lo — o,y 1-00 193 1-98 294 2.98
V(o —0apll 1-01 1.95 1.98 2.95 2.97

Table II. Convergence rates for case without curl term and ¢, boundary

condition

Norm k=1 k=1 k=2 k=2 k=3

r=1 r=2 r=2 r=3 r=3
lu — uyll, 1-86 2:02 3.31 3.01 4.21
[ — uyly 1-08 1-01 2-14 2-00 3.12
le —aullo 1-07 1.73 1-95 2-36 311
lo — o, 0-54 0-65 0-94 1-33 225
V-(e—0alo 1-00 2:02 1-98 2-88 2.97

O(h™?). In Reference 6 we investigate the use of a block ILU scheme from Reference 14 as a
preconditioner for conjugate gradient solution of the symmetric positive block least-squares system.
This scheme can also be viewed as a two-grid multigrid scheme applied to the associated reduced
Schur matrix with restriction to a lower-dimensional space of fixed size m. The performance of this
preconditioning strategy is indicated in Table III for the above-mentioned test problem. In the table,
m is the block size for the restriction operator to the lower-dimensional space and # = 1/n is the mesh
size. The large block sizes require progressively more CPU time per iteration as m increases but
fewer iterations to converge and are more efficient. If the curl relation and flux boundary relation are
removed, the number of iterations increases. We also applied this preconditioner to problems with
discontinuous diffusion coefficients. The number of iterations appears to be independent of the jump
in the diffusion coefficient when proper weight is used in the curl term (see also References 6 and 15).

Estimate (13) suggests that we need to have a smooth solution to our problem in order to obtain
optimal rates of convergence. In general, we cannot expect such regularity globally. However, we
have sufficient smoothness in regions away from the sources of singularity. Let Q, and Q; be

Table III. Number of iterations for the block preconditioner

n m=1 m=2 m=4 m=28
80 99 76 55 36
40 52 40 29 19
20 27 21 16 11
10 15 12 9 7
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compact subdomains of Q with smooth boundaries. Then the following interior estimate holds (for
k=r):
lu —upllo.0, + o — oyllo.q0 < Ch*(||u — Ullig, + 10—yl 0,)

+C(lu =yl 0, + 106 = 04l 0) + CHF (lullisr 0, + 10 141,0)-
See Reference 16 for other interior estimates, including the case of differing polynomial degrees. The

above error estimate indicates that the rate of convergence on € is controlled by the error in a
weaker norm on ;.

3. ERROR ESTIMATOR

One of the main advantages of the least-squares mixed formulation is that we can calculate exactly
the error in the norm defined by the bilinear form. Moreover, we can calculate exactly the error in this
‘energy’ norm not only globally but also on each finite element.

The discrete variational problem which corresponds to problem (8), (9) is

a(uy, 653 v,.q;,) = (f,V-q, +b-a'q, +cv) (14)

for all v, € V;, and q, € W,, where V}, and W), are the finite element spaces for u; and oy,
respectively and

a(uy, o4 v, q,) = V-0, +b-a ‘o, +cuy, V-q, +b-a'q, + cv,) + (o), + aVu,, q;, + aVuy,).
For the error in the energy norm we have

a(u—u,, & — Oy U — Uy, & — G)
=(V-(0—0,)+b-a"(0—0a)) +clu—u,)
V@ —a)+b-a (0 —0y) +clu—u)
+ (o0 —0o, +aV(u —u,), o0 — o, +aV(u —u,))
=(f-V-o,-b-a'o,—cup,f -V -0,—b-a ‘o, —cu,)
+ (o, + aVu,, o, + aVuy,),

(15)

where (8) and (9) were used at the last step. Since the right-hand side of (15) involves only u;, and o,
we can calculate exactly the error in the ‘energy’ norm. The same argument as in (15) may be applied
to any element of the finite element partition, i.e. we have an exact error estimator locally on each
finite element. We tested an /-adaptive procedure based on this estimator. The numerical experiments
indicate tlll;at optimal rates of convergence with respect to the number of degrees of freedom can be
achieved.

4. VISCOUS FLOW

Let us begin with the stationary Navier—Stokes equations in primitive variable form:

1
u~Vu+;Vp—vAu=f, V-u=0. (16)
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For two-dimensional flow we may introduce the scalar vorticity field { to recast (16) as the first-order
system

ou ou 10dp a¢ ov ov 1lop al
u8x+03y+p3x Vay_f’ ”ax+”ay p Ay YT & a7
¢ 31;+3u_0 ou v
ox ox

with appropriate boundary conditions specified on 9€Q).
Introducing the residual vector r of equations (17), the least-squares functional for admissible u, v,
p and { follows as

I :J r'rdxdy. (18)
Q

Taking variations leads to a weak statement for the least-squares formulation and introducing the
finite element spaces we obtain a non-linear algebraic system to be solved for the nodal solution
values. For the case of slow flow, the inertial terms u-Vu in (16) and (17) are negligible and the
problem simplifies to Stokes flow. Then the system (17) is linear and the bilinear functional resulting
from (18) is symmetric positive.

In turn, this implies that the usual consistency conditions associated with the Galerkin approach do
not have to be enforced in the least-squares mixed formulation. For example, it is well known that the
mixed Galerkin finite element method for the primitive variable Navier—Stokes formulation is not
stable for certain equal-order basis combinations, ‘locking’ to u, =0 occurs for the linear velocity,
constant pressure triangle and spurious pressure modes can occur for other choices of bases.'® These
restrictions on the bases do not apply to the least-squares mixed finite element formulation.
Consequently, in the results presented later we use equal-order bases for all variables for convenience
(although other choices are possible and may be preferable for other reasons such as computational
efficiency or the requirements of a specific application).

We would also like to emphasize that there are implicit questions of scaling that arise in least-
squares formulations. For instance, different physical parameters appear in different equations and
scale different terms of an equation. Hence the respective residuals in the least-squares functional
(18) may be differently scaled. Since the approximation minimizes / on the subspace and /is a sum of
equation residuals, the accuracy of the approximation to, for instance, mass balance versus
momentum balance may be difficult. This can also have some bearing on numerical scaling of the
resulting algebraic system. To illustrate this point, note that the first pair of equations in (17) can be
scaled by v~' to rewrite the momentum equations with the inertial terms scaled by an effective
Reynolds number Re ~v~'. Then, if the velocity components are scaled to be O(1) and the flow is
slow so that Re < 1, the coefficients in the scaled equation are less than unity and all residuals in the
functional / will have coefficients of similar order. On the other hand, the form shown in (17) might
fare better numerically as the Reynolds number increases. Of course, if the mesh size is sufficiently
small, either formulation would give accurate results, but from a practical standpoint we seek
accurate results on the coarsest admissible grid. This issue does raise the question of weighting
individual residuals in [ differently. This is a topic of continuing study.

Numerical results for the formulation in (17) have been computed for the familiar lid-driven cavity
problem on a 25 x 25 mesh using nine-node biquadratic elements for all four solution variables. The
streamfunction contours computed from « and v are shown in Figure 1(a) and the vorticity contours in
Figure 1(b).

We remark that our first calculations of viscous flows date from around 1988 and appeared in
Reference 19. However, we have delayed communicating subsequent computations because the
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(a) Streamlines (b) Vorticity

Figure 1. Solutions from velocity—pressure—vorticity scheme (Re = 100)

methods do exhibit some anomalous behaviour and warrant further study. For example, as suggested
above, scaling can be an issue and we have observed that the methods applied to (17) may not
demonstrate an adequate approximation to mass conservation for calculations on coarse grids at low
Re. Further details and supporting numerical studies are given in Reference 20. Other related results
are reported in References 21 and 22. However, using the alternative formulation at low Re has been
shown to generate approximations with better mass conservation properties.

There are other formulations of the viscous flow problem that can be recast in a form suitable for
least-squares treatment. Here, for brevity, we will restrict our attention to the stress formulation
because of its broader applicability to generalized newtonian and viscoelastic flow problems which
we also take up later. Let us first consider the stress formulation for stationary Navier—Stokes. Instead

of (17) we now have
ou  du\ Op 0T, 0Ty,
p(u8x+vay> +to ( o T P =1,

w o\ P (O, I,
—do— |+ = [ 22 = 19
p(u8x+vay>+ay (8x+ Py g (19)
0
m
ax  dy

with the constitutive (Stokes) relation
Tj— 77(141‘,,‘ + uj,i) =0 (20)

for the stress tensor to complete a full system of six equations for u, v, p, Ty, T, and 1,,. Note that we
have replaced the kinematic viscosity v with the viscosity 7. Generalized Newtonian fluids such as
power-law and Bingham constitutive models can be treated by appropriately specifying # in (20). For
example, in the power-law model we set

n =Ky, @1

where the constants K and n are referred to as the consistency parameter and power-law index
respectively and the scalar quantity 7" is the second invariant of the shear rate tensor y; =
(u;; +u;,).
Similarly, for the Bingham model we have
n=1y+1/7* when jtr(7?) > 13, @)
¥ =0 when 1tr(v?) < 13,

© 1998 John Wiley & Sons, Ltd. INT. J. NUMER. METH. FLUIDS, VOL. 27: 97-107 (1998)
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where 7 is the Newtonian viscosity and the yield stress of the fluid material is denoted by ty.

Expanding each of the six fields (u, v, p, Ty, Ty, and 1)) in the finite element basis, substituting in
the least-squares functional for (19) and (20) and minimizing yields a non-linear coupled system for
the nodal velocity, pressure and stress components. The large number of degrees of freedom
obviously implies that the resulting algebraic systems are large and these problems are both difficult
and computationally intensive. However, this is true for both the Galerkin and least-squares
formulations. The fact that the LBB condition must be enforced in the Galerkin finite element method
is a key consideration now since it implies that the stress field approximation must be in a higher-
dimensional subspace.”® This is not the case with the least-squares mixed method, but scaling is still
an issue.

We have computed the equal-order bilinear and biquadratic approximations and higher-p
approximate solutions for several test problems and different choices of fluid types. Contours of the
shear stress component 1., and vorticity for a Newtonian fluid (»=1) and the cavity problem at
Re =1 with polynomial degree two on a 20 x 20 uniform mesh are given in Figure 2(a).

Numerical results with an equal-order basis of polynomial degree six on a 5 x 5 mesh for a power-
law fluid with index n=0-85 are given in Figure 2(b). An example of a Bingham fluid on a non-
uniform mesh with variable local polynomial orders is shown in Figure 3(b). As the Bingham number
Bn =10L/nv, is increased, more and more of the fluid in the cavity behaves like a solid and the flow is
increasingly confined to near the moving wall. Various scaling issues related to least-squares
minimization for Bingham fluids are discussed in Reference 24.

Finally, to complete the treatment, we include a brief description and numerical results for a steady
viscoelastic flow problem following our earlier study in Reference 25. More specifically, we consider
the stationary flow of an upper-convected Maxwell fluid as described by (19) and with the
constitutive relationship

(a)yn=1 (b)n =0.85

Figure 2. Contours of t,, for lid-driven cavity problem with (a) Newtonian (20 x 20 mesh of biquadratic elements) and
(b) power-law (5 x 5 mesh of elements with polynomial degree six) fluids
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Figure 3. Velocity field for (a) Newtonian and (b) Bingham fluids
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Figure 4. Wall stress distribution

where We = AU/L is the Weissenberg number. Details of the least-squares system structure are given
in Reference 25. Suffice it to say that the system is solved by Newton iteration in conjunction with a
line search procedure and incremental continuation in Weissenberg number. As a test case we
considered the flow between parallel plates with a fully developed inlet profile at x =0, stick—slip
discontinuity at x=4 and uniform normal stress outflow condition at x =64. The calculation was
made using elements of polynomial degree seven on a mesh that was strongly graded towards the
singularity. Results in Figure 4 for the stress component 7., on the wall at We =0-6 and 1-2 indicate
the pronounced nature of the singularity at the stick—slip point x=4. We remark here that
computations with low-degree elements on moderate meshes have large mass balance errors that are
related to the large residuals near the singular point. A graded mesh with high-polynomial-degree
elements circumvents this problem. The issue of mass conservation at the stick—slip discontinuity is
taken up in a related paper.”®

5. CONCLUDING REMARKS

While there are a growing number of recent studies exploring the least-squares FEM, several
important issues concerning questions related to scaling, the use of different forms of the equations,
weighting residual contributions for corresponding norms and the effect of - or p-refinement warrant
further study. The effect of weighting the terms using a mesh-dependent factor is considered in
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Reference 27 but is not conclusive. Related ideas involving the use of an A~ ' norm are also being
studied.?® There have also been a number of numerical studies including those in References 21 and
29 for viscous flows, but none of these answers the points raised above or gives as comprehensive a
set of studies involving the formulations as we provide here. We remark that we have also considered

the time-dependent problem for both wave propagation®®>' and flow.>>** but for brevity have not

included any of this work in the present study. In closing, we remark that little has yet been done with
respect to the development of adaptive least-squares methods with residual-based error indicators
(see References 17 and 34 for work in this direction).
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